Quite recently, GOODMAN, POLLACK, WENGER and ZAMFIRESCU [7] , [8] have proven two conjectures by GRÜNBAUM right, showing that any arrangement of pseudolines in the plane can be embedded into a flat projective plane and that there exists a universal topological projective plane in which every arrangement of pseudolines is stretchable. By FOLK-MAN and LAWRENCE's theorem [6] , this plane contains every finite (simple) oriented rank three matroid. In this paper, we will also consider embeddings of oriented rank three matroids into topological projective planes, but we will take a quite different viewpoint: We shall show, that there exists a projective plane Π that contains the combinatorial geometry of every finite, orientable rank three matroid M n , such that any choice of orientations χ n of the M n , n ∈ I N, extends to an orientation χ of Π. Furthermore these orientations correspond to archimedean orderings of Π, hence the reorientation classes of every finite rank three matroid can be studied by the set of archimedian orderings of Π. Since, by a celebrated result of PRIESS-CRAMPE [25] , any archimedian projective plane can be completed and thus embedded into a flat projective plane, our results yield another proof of GRÜNBAUM's conjectures and a new proof of the rank three case of FOLKMAN and LAWRENCE's theorem. In this note, we start with a matroid theoretic interpretation of JOUSSEN's work for
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In 1960 JOUSSEN [12] has set up the notion of order functions and halforderings of partial planes, showing that any halfordering of a regular partial plane I can be extended to its free plane extension F(I). In his habilitation thesis 1965 (see [13] , [14] ) JOUSSEN was able to sharpen his results to allow extensions of orderings, and in 1981 [14] he managed to extend orderings of I even to archimedean orderings of F(I), provided I is finite.
In this note, we start with a matroid theoretic interpretation of JOUSSEN's work for special regular partial planes, namely for (finite and infinite, simple) rank three matroids I. It turns out, that every orientation of I is induced by some order function and that the reorientation classes of I correspond uniquely to the orderings of I in the sense of JOUSSEN. Hence JOUSSEN's results may be regarded as one of the first contributions to orderings (and thus to orientations) of matroids.
In particular, his constructions can be made fruitful for oriented matroid theory yielding embedding theorems for rank three matroids. Making use of the celebrated completion theorem of PRIESS-CRAMPE [25] from 1967, we obtain a new proof for the rank three case of LAWRENCE's topological representation theorem and new proofs for recent results of GOODMAN, POLLACK, WENGER and ZAMFIRESCU [7, 8] , including the existence of a universal topological projective plane in which every arrangement of pseudolines is stretchable.
But we can show more. In contrast to the results in [7] , [8] , where the embedding strongly depends on the given orientation, we construct embeddings of the underlying combinatorial geometries, such that all orientations extend: For every (not necessarily countable) family of (not necessarily finite, simple) orientable rank three matroids (M i ) i∈I there exists a projective plane Π containing each M i such that any choice of orientations χ i of M i , i ∈ I, can be extended to an orientation χ of Π. If the matroids M i considered are finite, then χ can be chosen to induce even an archimedean ordering on Π. Hence the reorientation classes of finite orientable rank three matroids can be studied by the set of archimedian orderings of suitable projective planes.
Our main tool for interpreting JOUSSEN's work for rank three matroids is DRESS and WENZEL's recent matroid theoretical notion of Tutte groups [4] . Considering projective planes as matroids, in [18] we have shown that their concept is closely related to our algebraic concept of radicals in ternary fields [17] . In the first section of this paper, we generalize some of these results to rank three matroids I . In particular, we show that the quadratic characters of the inner Tutte group of I may be identified with the halforderings of I in the sense of JOUSSEN. The second section is devoted to the relations between the orientations and the orderings of I. As an application, we obtain some embedding theorems for rank three matroids and a new proof for the rank three case of LAWRENCE's topological embedding theorem.
Finally, in section three, more sophisticated constructions for oriented rank three matroids are given, yielding in particular the universal embedding result mentioned above.
Throughout, all matroids are considered to be combinatorial geometries, i.e., to have neither loops nor parallel points. Those notions the meaning of which in projective geometry differs from that in matroid theory (as duality, regularity, union, etc.) will be used in the sense of projective geometry (cf. [24] and [30] ). § 1 ORDER FUNCTIONS AND TUTTE GROUPS A partial plane is a triple I = (P, L, I) consisting of two disjoint sets P and L and
We denote the elements of P, the points, by lower case, and the elements of L, the lines, by upper case Latin letters.
LG means the intersection of two distinct lines L and G, and pq is referred to be the joining line of two distinct points p and q of I (provided LG and pq exist in I ). I is called regular, if P ≠ Ø and if each point (and each line) of I is incident with at least two lines (two points) of I . In this case each line L of I may be identified with the set of points lying on L, and we simply write I = (P, L ). By a linear space we understand a regular partial plane which is closed under joining and admits at least one triangle, i.e., a set of three non-collinear points. I is called non-degenerate, if it contains a frame, i.e., four points no three of which are collinear. Let I = (P, L ) be a not necessarily finite linear space. Then, clearly, the set B of triangles of I is the set of bases of a rank three matroid M I on P. Conversely, given any rank three matroid M with point set P and taking L to be the set of its hyperplanes, I M := (P, L ) is a linear space (recall that we only consider matroids where any two points extend to a basis). Since these rules are mutually inverse (up to isomorphism), in what follows we will identify rank three matroids and linear spaces. Note that I is non-degenerate, if and only if it admits a spanning circuit.
The order function f is called harmonic or anharmonic, depending on ζ f = -1 or ζ f = 1. Plainly, if A ≠ Ø, then by ( Proof. Given any definite order function f on I, mapping ε onto ζ f we may extend f to a homomorphism from IF H into {-1, 1}, also denoted by f. By definition, the kernel IK H of the canonical projection π: IF H → T T H lies in the kernel of f. Hence there exists a homomorphism χ: T T H → {-1, 1} with f = χ ο π. Clearly, χ is uniquely determined by f, provided I ≠ U 3,3 .
On the other hand, given any homomorphism χ:
we obtain an order function f on I. To show that f is definite, put ζ f := χ(ε I ) and let p 1 , p 2 
Given any definite order function f of I = (P, L ), SPERNER [29] considers its second
defined by the rule
In the case of a projective plane, he calls h f a halfordering and shows that two definite order functions f and g induce the same halfordering, if and only if they are equivalent, i.e., if there exist a mapping δ: If the partial plane I is a matroid, its inner Tutte group T T o is defined to be the kernel of the homomorphism Φ:
where δ x ∈ ⊕ i∈X ZZ , x ∈ X, is defined by δ x (x) := 1 and δ x (y) := 0 for all y ∈ X \{x}, see 4 and dually a second one on set L 4 of quadruples of
, which we also denote by h, via the rules
where L 1 , L 2 (resp. p 3 , p 4 ) are chosen such that p i ∈ L j ⇔ i = j. As shown in [12, 13] 
if it is harmonic and if Z ≡ 1. A definite order function f inducing an ordering h f is referred to as a strict order function. We denote the set of orderings of I by X(I ), and its set of strict order functions by F X (I ).
Note, that Z is odd for any harmonic halfordering and that any halfordering of I ful- the cross ratio on a rank three matroid I = (P, L ) may be defined as the mapping 
and the set of orderings X(I ) of I.
Proof. By (1.2) we may identify the homomorphisms χ:T T o → {-1, 1} fulfilling χ(ε I ) = -1 with the harmonic halforderings h χ of I. For all mutually distinct, confluent lines
where p 3 and p 4 are any points with p i ∈ L j ⇔ i = j for i,j ∈ {1,2,3,4}. Making use of the duals of (1.3c) and (1.3b), we observe
) .
Since Z is odd, this implies that Z(L 1 , L 2 , L 3 , L 4 ) = 1 is equivalent to the second condition of (*). Since I is a linear space, h χ is harmonic and fulfills Z ≡ 1, if and only if χ fulfills (*). K
Recall that each quadratic character χ of T T o can be extended to a quadratic character of T T H , and that, identifying the quadratic characters χ of TT H with the definite order functions of I, (1.1) and ( For the convenience of the reader, we recall DRESS's definition of oriented matroids via chirotopes (cf. [3] ). Let P be a non-empty, possibly infinite set. A chirotope of rank n on P is a map χ: P n → {-1, 0, 1} fulfilling (C0) There exist e 1 , ..., e n ∈ P with χ(e 1 , ..., e n ) ≠ 0.
(C1) For all e 1 , ..., e n ∈ P and all permutations π ∈ S n we have χ(e π(1) , ..., e π(n) ) = sign(π) ⋅ χ(e 1 , ..., e n ). (C3) If w ∈ {-1, 1}, e o , e 1 , ..., e n , f 2 , ..., f n ∈ P and if for all i = 0, ..., n w ⋅ (-1) i ⋅ χ(e o , ..., e î , ..., e n ) ⋅ χ(e i , f 2 , ..., f n ) ≥ 0 then we have χ(e o , ..., e î , ..., e n ) ⋅ χ(e i , f 2 , ..., f n ) = 0 for all i = 0, ..., n.
Any chirotope χ of rank n induces a matroid M = M χ on P of rank n, the bases of which are the subsets {e 1 , ..., e n } ⊂ P with χ(e 1 , ..., e n ) ≠ 0. Two chirotopes χ 1 and χ 2 on P are called equivalent, if either χ 1 ≡ χ 2 or χ 1 ≡ -χ 2 . An orientation of a matroid M on P is an equivalence class of chirotopes {χ, -χ} on P with M = M χ . Then (P, {χ, -χ}) is referred to as an oriented matroid, often simply written (P, χ). Two chirotopes χ 1 and χ 2 of rank n on P are called projectively equivalent, if there exist an α ∈ {-1, 1} and a mapping η: P → {-1, 1} such that for all e 1 , ..., e n ∈ P χ 1 (e 1 , ..., e n ) = α ⋅ η(e 1 ) ⋅ ... ⋅ η(e n ) ⋅ χ 2 (e 1 , ..., e n ). Proof. First note, that χ f is fully determined by the rule above, since given any ordered triangle (x,y,z) its vertices may be relabeled such that x ∉ uv and y ∉ vx, and since χ f has to fulfill
⇔ p 1 , p 2 and p 3 are collinear.
In the case I = U 3,3 , I carries only one orientation {χ, -χ} with χ ≡ 1 and only one halfordering (i.e., equivalence class of order functions) represented by, say f. Since ζ f is undefined and since Z has no arguments in U 3,3 , f may be regarded as a strict order function. It obviously induces the orientation of U 3,3 via the rule given above.
In what follows we may assume I ≠ U 3,3 . We will prove our claim, making use of the group T T B := IF B /IK B , where IF B is the free abelian group generated by the ordered triangles (x,y,z) of I and by a special element ε, and IK B equals the subgroup of IF B generated by ε 2 and by all elements of the form
for odd permutations σ ∈ S 3 , and by all elements of the kind 
for all ordered triangles (x,y,z) of I with x ∉ uv and y ∉ vx. Now let f be a strict order function of I. In light of (1.5), it may be identified with a homomorphism χ from T T H into {1, -1} fulfilling (*). Norming (o,u,v) a 1, we obtain a well defined homomorphism from T T B into {1, -1}, also denoted by χ, such that
for all ordered triangles (x,y,z) with x ∉ uv, y ∉ vx. With respect to the embedding of T T o into T T B above, this mapping χ also fulfills (*).
On the other hand, given any homomorphism χ of T T B into {1, -1} fulfilling (*) and χ((o,u,v)) = 1, restricting it to the Tutte group T T (which is generated in TT 
By KARZEL [20] , [21] , PRIESS-CRAMPE [2] and KALHOFF [17] In [18] we have seen, that the inner Tutte group of Π is isomorphic to T*/R a , and that, identifying T T o with T*/R a , the cross ratio on Π fulfills
Further, in [19] we have fixed a certain volume function det: Given a partial plane I = (P, L, I) let L ' be the set of (unordered) non-joined point pairs in I, i.e., L ' := { {p,q} ∈ P 2 | p≠q, pq ∉ L }, and dually, let P ' be the set of (unordered) non-intersecting line pairs in I, i.e., P ' := { {L,G} ∈ L 2 | L≠G, LG ∉ P }.
We consider the following extensions of I : gives us some freedom in arranging the extension processes V and S. By JOUSSEN [13, 14] and in view of (2.1) we have Proof. First, for i = 1,2 we take an additional point q i not in I 1 and in I 2 , and making use of (3.2) we extend the given order function f i to a strict order function of (I i ) q i , which we also denote by f i . Further we fix a point u i of I i , the line U i := q i u i of (I i ) q i , and replace f i by the equivalent strict order function
where δ i is given by
(recall that U i is incident only with the two points q i and u i ). Then we have g i (U i ,p) = +1 for all points p of I i , p ≠ u i g i (pq i ,u i ) = -1 for all points p of I i , p ≠ u i .
Now we are ready to define an order function g on I 1 ∨ I 2 by the following rules
We shall check that g is a definite and harmonic order function fulfilling Z ≡ 1. Since the partial plane (P, L ) := I 1 ∨ I 2 is a matroid, for the first two properties it
, p 2 ) = -1. If all four points considered are in I i , i = 1,2, this is clear. Similarly, the claim is also fulfilled, if q ∈ P 2 (or q ∈ P 1 ) and the other points p 1 , p 2 , p 3 are in P 1 (in P 2 resp.), since g 1 (resp. g 2 ) is definite and harmonic on (I 1 ) q 1 (resp. on (I 2 ) q 2 ). Thus, up to relabeling, only the following two cases are left. Case 1: q ∈ P 2 , p 1 ∈ P 1 , p 2 , p 3 ∈ P 2 . Then L 1 = p 1 q is a new line of
whereas L 2 , L 3 are lines of I 2 . By definition, we obtain
, p 2 ) = -1, since g 2 is definite and harmonic on (I 2 ) q 2 .
Case 2: q ∈ P 2 , p 1 , p 2 ∈ P 1 , p 3 ∈ P 2 . Then L 1 = p 1 q and L 2 = p 2 q are new lines, whereas L 3 is a line of I 2 . Here we get
If p 1 ,p 2 ≠ u 1 , in view of our choice of g 1 we obtain
= -1, since g 1 is definite and harmonic on (I 1 ) q 1 . If u 1 ∈ {p 1 ,p 2 }, say u 1 = p 1 , then we
by definition of g 1 . Hence g is an harmonic, definite order function of I 1 ∨ I 2 . It remains to show that
equals -1, where h denotes the second derivative of g. Note, that by the remark in [13, p. 143 ] it suffices to check h(L i , L j , L k , L m ) = +1 for some permutation (i,j,k,m) of (1, 2, 3, 4) . Clearly, if all four lines are in I 1 (or all in I 2 ), this is obviously fulfilled.
Hence assuming q ∈ L 1 ,L 2 ,L 3 ,L 4 , q ∈ P 1 , up to relabeling, we only have to consider the following four cases.
Here we observe for all mutually
Since Z ≡ 1 holds in (I 1 ) q 1 , this case is settled.
In view of the remark above, also this case is settled.
Here we have for 
for all i,j,k,m ∈ {1,2,3,4}. Since Z ≡ 1 holds in (I 2 ) q 2 , also the last case is settled.
Hence g is a strict order function on I 1 ∨ I 2 extending g 1 and g 2 . We finally consider the equivalent order function
Then f is a strict order function on I 1 ∨ I 2 . For points p and lines L of
Thus f extends the given order functions f 1 and f 2 as desired. K Proof. Without loss of generality, we may assume that the point sets of all matroids M i are mutually disjoint, and that I is an infinite, well-ordered set which has no last element. Let 0 be the first element of I. Inductively, we shall define a chain (I i ) of linear spaces by (i)
(ii) if I i is not jet defined, but all I j with j < i, put
Then, clearly j ≤ i implies I j ⊂ I i , and the union of all these partial planes (cf. [16] and note, that our notion here is slightly sharper than that in [16] ). If I carries an ordering h χ (or an orientation χ, or a strict order function χ), K is called archimedean in I with respect to h χ (to χ), if there exists an n ∈ IN such that a -n := π -n (a o ), … , a o , a 1 := π(a o ), …, a n := π n (a o ) ∈ I, all lines joining the a i with a and with e are in I, i = -n , ..., n, the intersection of these lines with E are in I, and h χ (w,x,a -n ,a n ) = -1.
Note that an ordered projective plane is archimedean, if and only if all its configurations are archimedean (cf. [16, 25] ). So we call an orientation (a strict order function) χ of Π archimedean, if all configurations of Π are archimedean with respect to χ, i.e., if the reorientation class (the second derivative) of χ corresponds to an archimedean ordering of Π. Proof. Without loss of generality, let I be non-degenerate (cf. 2.5). Since I is finite, it contains only finitely many configurations K 1 , ..., K n . In view of (2.1), the construction of JOUSSEN [14, Satz 4.3] yields a linear space
and an orientation (strict order function resp.) of I 1 extending that of I such that K 1 is archimedean in I 1 . Similarly, the orientation (strict order function) of I 1 extends to a free extension I 2 of I 1 such that K 2 is archimedean in I 2 . Clearly, K 1 stays to be archimedean in I 2 . Successively, we obtain the desired matroid a(I ) := I n . K Proof. Again we may assume, that I is non-degenerate. Since I is finite, it admits only finitely many orientations (strict order functions) χ 1 , ...., χ n . Fixing the first and using (3.6), we extend I to a finite rank 3 matroid I 1 := a(I ) in which all configurations of I are archimedean with respect to χ 1 (we denote the extension of χ 1 also by χ 1 ). Next we fix χ 2 and extend it to I 1 by (3.1). Making use of (3.6), we find a finite rank three matroid I 2 := a(I 1 ) in which all configurations of I are archimedean with respect to χ 2 . Clearly, with respect to an arbitrary extension of χ 1 to I 2 , the configurations of I stay to be archimedean. Successively, we obtain the desired matroid A(I ) := I n . K Taking so many copies of each orientable matroid as it admits orientations, we land up with an archimedeanly oriented projective plane Π containing all finite oriented rank three matroids. In light of PRIEß-CRAMPE's 1967 result on the completion of archimedean projective planes [25] , Π is embeddable into a flat projective plane, i.e., into a topological projective plane homeomorphic to the real plane. Thus we have (b) Note that the embedding results for finite matroids given above are constructive in so far as that they involve only non-transfinite induction where in each step the extending orientation (strict order function) is given explicitly (note that JOUSSEN's constructions (3.1) and (3.2) are explicit, too).
(c) The results of GOODMAN, POLLACK, WENGER and ZAMFIRESCU in [7] and [8] are achieved by completely different methods, heavily relying on topological arguments including LAWRENCE's topological embedding theorem. However, in [8, section 2], they briefly propose an embedding based on Levi's Enlargement Lemma, adding new pseudolines one at a time in an infinite process. This generates a family of pseudolines which has to be completed by taking some sort of limit. But they abstain from developing this approach, since, to their knowledge, no one has been able to give such an completion. We would like to point out, that the celebrated 1967 completion theorem of PRIEß-CRAMPE [25] yields such a construction: If a family of pseudolines forms an archimedeanly ordered projective plane, then it is embeddable into an ordered (and thus topological) projective plane homeomorphic to the real projective plane.
